ON THE MORITA INVARIANCE OF THE HOCHSCHILD HOMOLOGY 

OF SUPERALGEBRAS 



PAUL A. BLAGA 

Abstract. We provide a direct proof that the Hochschild homology of a Z2-graded 
algebra is Morita invariant. 



1. Introduction 

The goal of this paper is to show that if A and B are two Morita equivalent unital 
superalgebras, then they have the same Hochschild homology (in the Z2-graded sense, see 
(Kassel, 1986)). 

2. The Hochschild homology of superalgebras 

The Hochschild complex for superalgebras (Kassel, 1986), is very similar to the analogous 
complex for ungraded case. Namely, the chain groups are, as in the classical case, Cm{R) = 
^iS)m+i^ where, of course, the tensor product should be understood in the graded sense, 
while the face maps and degeneracies are given by 

(1) <5r(flo • • • am) = ao (8 • • • iX) ajOj+i (gi . . . a„, if < i < m, 

(2) S'^iao ^■■■®am) = (-l)l'^"l(l»ol+-+l"'"-i)a„a + ai • • • a„_i, 

(3) s^{o,Q (gi • • • (g) am) = ao (g • • • (g aj (g 1 (g Oj+i (g ■ ■ ■ (g Om, < i < m. 
Now the differential is defined in the usual way, meaning dl^ : Cm{R) Cm-iiR), 

m 

(4) <r = ^(-i)^5r- 

i=0 

and the Hochschild homology of the super algebra is just the homology of the complex 
{C{R), d). In particular, it is easy to see that for any superalgebra R we have 

(5) Ho{R) = R/{R,R}, 

where {R, R} is the subspace generated by the supercommutators. of that element. 
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3. The Morita invariance 



We shall simply give the definition of the Morita equivalence here. For a detailed ap- 
proach, see for, instance, the book of Bass ([I]). The definition is completely analogous to 
that from the ungraded case. 

Definition 1. If A and B are two unital, associative superalgebras over a graded com- 
mutative superring R, then A and B are said to be Morita equivalent if there exists an 
A — S-bimodule P and a B — A-bimodule Q such that P (^ib Q — A (as A — j4-bimodules) , 
while Q P — B (as B — i?-bimodulea) . The tensor products should be taken in the 
graded sense. 

Theorem 1. Let R be a commutative superring and A and B - two unital R- superalgebras 
(not necessarily commutative). Let, also, P be an A — B-bimodule which is projective over 
both rings and Q - an arbitrary B — A-bimodule. Then there is an isomorphism 



which is functorial in the -^-tuple {A, B; P, Q). 

Before actually proving the theorem, let us, first, prove a technical lemma. 

Lemma 1. Let A be a unital, associative superalgebra over a commutative superring. If 
M is an arbitrary left A-module, while Q is a projective right A-module, then 



Proof. We shall assume, first, that Q = A, which is, clearly, projective, when regarded as 
right yl-module. Moreover, in this case we have A (8)^ M = M, so what we have to prove 
is that 



It is easily seen, however, that the standard complex for computing the Hochschild ho- 
mology of A with coefficients in the module M ^ A is, essentially, the (unnormalized) bar 
resolution (3 of the M, which has non-vanishing homology only in degree zero and the zero 
degree homology is M. 

To prove now the general case, take Q an arbitrary projective right A-module. Then 
the functor Q — is exact and the result follows from the isomorphism (M <^Q) <^ A^ = 
Q 0^ (M (g) A A"^) estabhshed by the maps 



: H4A,P0B Q) ^ H^{B,Q(^A P) 




Dually, if N is a right A-module, while P is a projective left A-module, then 





f : {M ® Q) A"" ^ Q (g>A {M ® A(^ A"), 
/((m 8) g) (ai • • • ® a„)) = (-l)l"ll''lg ® (m 1 ai • • • a„) 



MORITA INVARIANCE FOR SUPERALGEBRAS 



3 



and 

5 : Q ®A (M ® ^ (M (g) Q) (g) 

g{q ^ {m (g) ao (g) ■ ■ ■ (E) a„)) = (-l)l"ll^l(m g) ® ooai ® 02 • • • O a„. 
The proof of the second part of the lemma is completely similar. □ 

Proof of the theoremUi We consider the following family of modules and maps: {Cp^q,d' ,d"), 
where 

Cm,n = P ® 5" ® g 

where 

B'' = B(g)B(g)---(g)B 

^ V ' 

n factors 

and 

A"" = A0 A® ■ ■ ■ A, 

V ' 

m factors 

and all the tensor products are considered over the ground superring R. Before defining 
the maps d' and d" , several remarks are in order. 
First of all, it is very clear that 

C^,n = Cm{A,P(S)B''(gQ), 

i.e. Cm,n is the group of the Hochschild m-chains of the superalgebra A, with the coefficients 
in the ^-bimodule P B"' ® Q. On the other hand, up to a cyclic permutation of the 
factors in the tensor product, Cm,n is, also, the group of the Hochschild n-chains of the 
superalgebra B with coefficients in a B — i3-bimodule. More specifically, we have 

Cm,n = UJm+l,n+l {C„{B , Q (g) ^™ (g) P)) , 

where u>rn+i,n+i ■ Q <8 ^™ (g) -P (g P" ^ P (g P" (g Q (g A"^ is the cyclic permutation of 
factors given by 

UJm+l,n+l{P ig) ^1 (g) • • • (g &n ® 9 "X) Of ® • • • <Xl ttm) = 

m n 

bl+kl+E M+T, Ibjl 
= (-1) g«)ai(g---(gam0p(g)6i0---g)6„. 

Now we can use the Hochschild differentials to build the maps d' and d" . Let m, n G N 
two given natural numbers. We define now, for any pair of natural numbers, m, n G N, 
d'^ n : Cm,n Cm-i,n to be the Hochschild differential for A, with coefficients in P^B'^^Q. 
Thus, on the columns we have Hochschild complexes. On the other hand, also for any pair 
of natural numbers m,n we define the horizontal differentials d'^^ : Cm,n — > C'm,n-ii 

where hm,n ■ Cn{B, Q ® A"" ® P) ^ Cn-i{B, Q (g) ^"^ (g) P) is the Hochschild differential. 
From the construction, it is obvious that both d' and d" are differentials. We will prove 
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now that they anticommute. We have 
d"d'{p®hi®-- 



ai 



' an) = d" (g) 61 



m—l 



+ ^ (-l)V (8) 61 (gi • • • (g) 6„ (g) g (g) ai (g) • • • (g) ajaj+i 



1=1 



/ m — l n 

m+\am\[\p\ + \q\+ E l«il+E M 

+ (-1) V a^p(g 61 (g • • • (g 6„ (g g(g a + 1 



= (-ir 



n— 1 



i=i 



p6i (g ■ ■ ■ (g 6„ (g gai (g 02 <g • • • (g 0^+ 
'jbj+i g) • • • ig) 6„ (g goi (g 02 



/ m n — l 

n+l&nl |P| + |9|+E l«il+E l&i , 

+ (-1) V ^ p®bi®---®bn-i®bnqai®a2 



m—l / 

+ ^(-i)Mp6i(g62<g---<g?'n«)g(8) 
1=1 ^ 



ai (g . . . aiOi+i 



/ m n — l 

bl+|g|+E l«il+E 

+ (-1) V ^=1 ^=1 J p®bi®---®bn-i®bnq®a^ 



■\am\ \ \i 



m—l n 

m+|a^|( E 1%1+E l^il 

+ (-1) ^ ) [ampb\®hx® ■ ■ ■ ®hn®q®ax 



n-l 



' am-i+ 



+ y^(-l)-^amP g) 61 (g . . . 6j6j+i (g . . . 6n <8 9 <S) ai 

/ m n — l 

+ (-1) V ' amP®bx®bn-\®hnq®ax 



am + 



am-i + 



flm-l 



On the other hand, 

d'd"{p (g 61 (g . . . 6„ (g (g ai 



'n <g g (g ai 



n-l 



+ (g 61 (g • • • gi (g • • • (g Oyj (g g (g Cll 



1=1 



(T/i n — l 

bl+kl+E kil+E 
, , ^ p®bx®---®bn-i®bnq®ai 
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(-1) 



m—1 



m—1 



pbi (8) 62 (X) • • • (8) 6n (8) qai 02 (8) • • • (81 0™,+ 



+ ^ {—lypbi (8) 62 <8) • • • (8 6„ (8) a (8 ai (8) • • • (8 ajOj+i <8) • • • (8 0^+ 

(m — 1 n \ 

|p|+l9l+ E E l^fcl 
, V ^ ampbi ® 62 ® • • • 8) 6„ ® g (8) ai C 

n-l / 



1=1 



+ ^{-lyp (8 61 ■ ■ ■ (8 6i6i+i 



+ ^(-1)* ( p <8) 61 (8) • • • 18) (8)---<8)6„(8g(8)ai(8)---<8) am+ 

• • (81 5„ (8 g (8" ai 8) • • • 8) OjOj+i 8) ■ ■ ■ (8 am+ 



m — 1 n 

ni+|am|l |p| + |<?|+ J2 kjl+E l^j 

+ (-1) V ^=1 i=i / a^p ® 61 (8 • • • 



6n CS) g (8) ai 



«m-l + 



/ T71 n — 1 

+ (-1) ^ ^ I 8) 61 . . . 6„_i 6„gai (8) 02 8) • • • (8) am+ 

m—1 

+ ^ (-l)-'p (8) 61 (8 • • • (8 6n-i (8 (8 oi (8 • • • (8 ajOi+i (8 • • • (8 am+ 

(m — 1 n 

|p|+l<?l+ E E l^j 

, ^ ■'■"^ / amP 18) 61 (8 • • • (8) 6n-i <8 6ng (8) ai (8 • • • (8) am_i 



An inspection shows immediately that the quantities between the square brackets in the 
expressions of d'd" and d"d' coincide, while the signs in front of these brackets are opposite, 
which means that we have 

d'd" + d"d' = 0. 

Thus, as we saw previously that d'^ = d""^ = 0, it follows that the family of modules and 
morphisms {Cm,n, d' , d")m,neN is a double complex of modules. We consider now its total 
complex, given, for any n > 0, by 

Totn = ^p,<? 

p+q=n 

and 

dn ■ Totn ^ Totn-l, , dn = ^ (dp^q + dp g). 

p+q=n 

As it is well-known (see [3], from where the notations, classical, in fact, are taken), the 
total complex has two canonical filtrations (a horizontal and a vertical one) and to each 
of this filtration we can associate a spectral sequence. The two spectral sequences both 
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converge to the homology of the total sequence. We shall show that in our case both 
spectral sequences collapse at the second step. In fact, the second order terms of the two 
sequences are 

and 

In our particular case, due to the particular form of the vertical and horizontal complexes, 
we get 

(6) H';^g{C)=H,{B,Q^AP^P) 
and 

(7) Kpi^) = 

As P is a bimodule which is projective at both sides, applying the previous lemma, we can 
write 



P®bQ®AP for g = 

for q>l 

'bp®aQ®P for q = 

for o > 1 



As a consequence, we obtain for the second terms of the two spectral sequences: 



Itp2 



Hp{A,P®BQ) for g = 
for g > 1 



II ^\Hp{B,Q®AP) for g = 
^'^ \o for g > 1 

Since, as we see, the two spectral sequences collapse, their limits coincide, in fact, with the 
second terms. Therefore, as they should converge to the same limit (the homology of the 
total complex), we have, in particular, that, for any n > 0, we should have 

i.e. 

Hn{A, P®bQ) = Hn{B, Q (^A P) 

which concludes the proof (the functoriality follows from the way we constructed the double 
complex) . □ 

Corollary. // A and B are Morita equivalent superalgebras, then they have isomorphic 
Hochschild homologies. 
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